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The notion of quantum-mechanical completeness is adapted to situations where the only ade-
quate description is in terms of quantum field theory in curved space-times. It is then shown that
Schwarzschild black holes, although geodesically incomplete, are quantum complete.
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I. INTRODUCTION
Completeness is a very important concept in classical
and quantum physics. The classical motion on a half-line
is called complete at the end point if there are no initial
conditions such that the trajectory runs off to the end
point in a finite time. If the potential satisfies certain
regularity conditions, then the classical motion is com-
plete at the end point if and only if the potential grows
unbounded from above near the end point [1]. In general
relativity, a space-time is called geodesically complete, if
every maximal geodesic is defined on the entire real line.
If the space-time is timelike or null geodesic incomplete,
it is said to be singular [2]. The physical relevance of this
geometrical notion is provided upon identifying geodesics
with trajectories of free test particles. In quantum me-
chanics on a half-line, a time-independent potential is
called quantum-mechanically complete [1], if the associ-
ated Hamiltonian is essentially self-adjoint on the space
of C∞-functions of compact support on the half-line with
the origin excluded.
Horowitz and Marolf [3] showed that there are geodesi-
cally incomplete static space-times, with timelike curva-
ture singularities, which are quantum-mechanically com-
plete. Their work stimulated a lot of research concerning
geodesically incomplete but quantum-mechanically com-
plete spacetimes, e.g. [4–6]. As a working analogue, they
suggested the nonrelativistic hydrogen atom. The classi-
cal motion of the electron in the Coulomb potential is in-
complete at the origin, because the potential is bounded
from above near the origin and thus the origin can be
reached by the electron in a finite time. The Coulomb
potential is, however, quantum-mechanically complete
when probed by the nonrelativistic bound-state electron.
In other words, the classical singularity of the Coulomb
potential is not reflected in any observable related to the
bound-state electron.
Quantum field theory in a static, globally hyperbolic
space-time allows to define a consistent quantum theory
for a single relativistic particle, where the energy of each
one-particle state is equal to that of the corresponding
classical field [7]. Horowitz and Marolf [3] showed that
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this is still the case for certain static space-times with
timelike singularities. Their result is based on a work by
Wald [8, 9], who proved that the problem of defining the
evolution of a Klein-Gordon scalar field in an arbitrary
static space-time (with arbitrary singularities consistent
with statics) can be reformulated as the problem of con-
structing self-adjoint extensions of the spatial part of the
wave operator.
For a general time-dependent space-time, there is no
consistent quantum theory of a single free particle, and
the only adequate description is in terms of quantum field
theory. This requires to study the evolution of classical
test fields in a singular space-time. In static space-times,
the evolution of quantum fields is unitary and represents
an endomorphism of the physical Hilbert space. In par-
ticular, unitarity preserves state normalisation. If dy-
namical space-times are treated as external backgrounds,
the quantum theory does not require a unitary evolution
[10]. Therefore, the notion of quantum-mechanical com-
pleteness needs to be adapted to include this case.
In discussing geodesic completeness, it usually suffices
to consider geodesics defined on (0, t0], right end points
can be treated similarly. A convenient topological crite-
rion for the inextendibility of a geodesic γ(t) , t ∈ (0, t0]
is the following: There is a parameter sequence {tn} → 0
such that {γ(tn)} does not converge. As is well known,
geodesic parametrisations have geometric significance. If
a curve has a reparametrisation as a geodesic, it is called
a pregeodesic. In particular, any spacelike or timelike
curve is pregeodesic if and only if its reparametrisation
by its arc-length yields a geodesic. A spacelike or time-
like pregeodesic α(t) , t ∈ (0, t0] is complete (to the left)
if and only if it has infinite length [11].
We call a globally hyperbolic space-time quantum com-
plete (to the left) with respect to a free field theory, if
the Schro¨dinger wave functional of the free test fields
can be normalised at the initial time t0, and if the nor-
malisation is bounded from above by its initial value for
any t ∈ (0, t0). Note that neglecting backreaction is no
severe restriction here, since if backreaction becomes im-
portant, the question whether a previously given space-
time is quantum complete becomes obsolete.
Intuitively, the notion of quantum complete space-
times refers to the following: A space-time background
can be considered as an external source coupled to quan-
tum fields. This coupling is consistent provided that
the norm of the vacuum-to-vacuum transition amplitude
2does not exceed the corresponding norm in Minkowski
space-time, i.e. unity. There is no conceptual problem if
the transition is less probable than in Minkowski space-
time, albeit the evolution is then nonunitary. In this case,
the ground state is not persistent, but its norm is reduced
by transferring probability to the space-time background,
which is not resolved into dynamical degrees of freedom.
If, in contrast, the transition is more probable, then uni-
tarity is violated in such a way that the quantum theory
becomes meaningless. This intuition is stated more pre-
cisely in our definition of quantum completeness, which is
based on the functional Schro¨dinger approach to quan-
tum field theory. As opposed to an asymptotic frame-
work pertinent to a scattering description, the functional
Schro¨dinger approach allows to analyse unitarity viola-
tions occurring during a finite amount of time, and, in
particular, during the time interval (0, t0].
For a Schwarzschild black hole, a Cauchy hypersurface
is given by {t0} × R × S2, where t0 ∈ (0, 2M) and M
denotes the black hole mass. It follows that the black
hole interior is globally hyperbolic and foliated by smooth
spacelike Cauchy hypersurfaces [12]. The purpose of this
article is to show that the interior of a Schwarzschild
black hole is quantum complete, albeit it is geodesically
incomplete.
II. SET-UP
We briefly review the functional Schro¨dinger formu-
lation for quantum field theory in generic space-times,
when backreaction can be neglected (for a detailed dis-
cussion in Minkowski space-time, see [13]). This formula-
tion will prove to be efficient for investigating qualitative
features such as the stability of ground states and the
quantum (in)completeness of generic space-times.
Due to a theorem by Geroch [14], a globally hyperbolic
space-time is diffeomorphic to R × Σ, and foliates into
hypersurfaces Σt , t ∈ R. In the (1+3)-split formulation,
the classical theory for a free scalar field of mass m is
given by the Hamiltonian
H =
∫
Σt
dµ(x)
(
N
⊥
H⊥ +N a
q
Hqa
)
. (1)
Here, dµ(x) ≡ d3x
√
det(q), with q denoting the spa-
tial part of the metric, Hqa = π∂aΦ/
√
det(q), where
π = ∂L/∂Φ˙ =
√
det(q)(∂tΦ − Naq ∂aΦ)/N⊥ denotes the
canonical momentum field, and
H⊥ = 12
[
1
det(q)π
2 + qab∂aΦ∂bΦ+
(
m2 + ζR
)
Φ2
]
.(2)
Here, all tensors are pulled-back to the hypersurface Σt,
and ζ is a numerical factor representing the non-minimal
coupling to gravity. Adapting the space-time coordinates
to the foliation, Nq = 0 and N⊥ =
√−gtt.
Each hypersurface Σt is equipped with a Fock space.
In the Schro¨dinger representation, the basis of this Fock
space is constructed from the time-independent opera-
tor Φ(x). Its spectrum contains the classical fields φ(x)
as eigenvalues [13]. The φ-representation of an arbitrary
state |Ψ〉 in the Fock space is a (nonlinear) wave func-
tional Ψ[φ](t). For the momentum field π canonically
conjugated to Φ, the functional version of the quantisa-
tion prescription is given by π(x)→ −iδ/δΦ(x).
Ψ[φ](t) satisfies a functional generalisation of the
Schro¨dinger equation,
i∂tΨ[φ](t) = H [Φ](t) Ψ[φ](t) , (3)
H [Φ](t) =
∫
Σt
dµ(x) H(Φ(x); t, x) , (4)
whereH [Φ](t) denotes an operator valued functional con-
structed from the Hamilton density
H = 12
[√−gtt
det(q)
δ2
δΦ2 + q
ab∂aΦ∂bΦ +
(
m2 + ζR
)
Φ2
]
. (5)
Note that any explicit time dependence is due to the
space-time geometry, which can be thought of as an ex-
ternal source nonminimally coupled to the quantum field.
Wave functionals are normalised in the usual sense,
‖Ψ‖2(t) =
∫
Dφ Ψ∗[φ](t)Ψ[φ](t) , (6)
where Dφ denotes the measure over all field configura-
tions in Σt. Stability of the state populated with φ(x)
requires that the norm of the wave functional is time-
independent. This corresponds to a unitary evolution.
On a dynamical space-time, considered as an exter-
nal background, however, the evolution is not required
to be unitary, i.e. H [Φ](t) needs not be a self-adjoint
operator on the space of wave functionals. Intuitively,
probability can be lost to the background (like for dissi-
pative systems when the interaction causing the friction
is not fully resolved in the participating degrees of free-
dom). Consistency of the dynamics is more subtle in
this case. Let ‖Ψ[φ]‖2(t0) denote the probability den-
sity (with respect to the space of field configurations) at
the initial hypersurface, and consider the interval (0, t0]
with zero marking the left end point. We call the evo-
lution consistent, even if it violates unitarity, provided
that ‖Ψ[φ]‖2(t) ≤ ‖Ψ[φ]‖2(t0) , ∀t ∈ (0, t0). Intuitively,
probability must not be gained from a background which
is not resolved in dynamical degrees of freedom. If the
above consistency relation is violated, then backreaction
effects are relevant, and the original space-time geometry
is obsolete.
For the time-dependent ground state, a generalised
Gaussian ansatz is motivated following the example of
the harmonic oscillator in quantum mechanics:
Ψ(0)[φ](t) = N (0)(t) G(0)[φ](t) , (7)
G(0)[φ](t) = exp
[
− 12
∫
Σt
dµ(x)dµ(y)φ(x)K(x, y, t)φ(y)
]
.
Substituting the ansatz (7) in the functional Schro¨dinger
equation (3) gives for the φ-independent factor N (0)(t)
3an evolution equation that can be directly integrated,
N (0)(t) = N0 exp
[
− i2
∫ t
t0
dt′
∫
Σ
t′
√−gttdµ(z)K(z, z, t′)
]
(8)
while the evolution for the kernel K(x, y, t) is described
by a φ-dependent nonlinear integro-differential equation,
i∂t
[√
det(q)(x)
√
det(q)(y)K(x, y, t)
]
√
det(q)(x)
√
det(q)(y)
=∫
Σt
√−gtt(z)dµ(z) K(x, z, t)K(z, y, t) +
+
√−gtt(x)
(
∆−m2 − ζR) δ(3)(x, y) . (9)
The spatial part of the Laplace-Beltrami operator is
defined as ∆ ≡ ∂a[
√
det(q)qab∂b]/
√
det(q), and we
use the following convention for the Dirac distribution:√
det(q)(x)δ(3)(x, y) ≡ δ(3)(x− y).
III. CALCULATION
In this section, we specialise to the interior of
Schwarzschild black holes. In the usual Schwarzschild
coordinate neighbourhood, the Schwarzschild function is
given by h(τ) = (2 − τ)/τ , where τ ≡ 2t/rg is dimen-
sionless, and rg ≡ 2M denotes the Schwarzschild radius
(GN ≡ 1). The warped product line element for the
Schwarzschild black hole becomes
g = −h−1(τ)dt2 + h(τ)dr2 + (τrg)2ds2/4 , (10)
where by this normalisation, in each rest-space
t =constant, the surface r =constant has the induced
line element (τrg)
2ds2/4, and is thus the two-sphere of
radius τrg/2 with Gaussian curvature 4/(τrg)
2 and area
π(τrg)
2. In this parametrisation, the geometry is incom-
plete to the left, since tidal forces approach infinity along
inextendible timelike geodesics as τ → 0.
Since the Schwarzschild space-time is spherically sym-
metric, the kernel K introduced in (7) is a function
K(x− y, τ). Our convention for Fourier transforms is
K(z, τ) =
∫
d3k
(2π)3
exp (iq(k, z)) K̂(k, τ) , (11)
with q(k, z) ≡ qabkazb. The Fourier amplitudes K̂ ≡
K˜/det(q) satisfy a Riccati equation,
i∂τ K˜(k, τ) =√
det(g)
rg
2
[
(det(q))−1 K˜2(k, τ)− Ω2(k, τ)
]
. (12)
The inhomogeneous contribution Ω2(k, τ) ≡ qabkakb+m2
is just the dispersion relation of the free fields.
The kernel can alternatively be described as follows.
Suppose ϕ(x′, t′) is a solution of the equation of motion
for the free fields. It is related to a solution at a later
time t > t′ by Huygens’s principle [15, 16],
ϕ(x, t) =∫ t
t0
dt′h−1/2
∫
Σ
t′
√
det(q)iK(x− x′, t′)ϕ(x′, t′)d3x′ .(13)
Indeed, a kernel fulfilling Huygens’ principle for the time-
dependent fields ϕ is a solution of the kernel equation (9).
Moreover, (
− Ω2(k, τ)) ϕ̂(k, τ) = 0 . (14)
Of course, from the solutions of (14) the kernel can be
calculated directly,
K̂(k, τ) = −i√|det(g)| ∂t ln ϕ̂(k, τ) , (15)
but it should be clear that this is a less efficient approach
than solving the kernel equation (12). With the ker-
nel representation (15), however, it is straightforward to
show that the time dependence of ‖Ψ(0)‖ is not fictitious,
even without solving (14). Using (15) in (8), we find∣∣∣N (0)(τ)∣∣∣2= |N0|2exp(− v(Σ)2 ∫ d3k(2pi)3 ln ∣∣∣ ϕ̂(k,τ)ϕ̂(k,τ0) ∣∣∣2
)
,(16)
where v(Σ) denotes the time-independent coordinate vol-
ume of the hypersurfaces. Furthermore,∥∥∥G(0)∥∥∥2 (τ) = (Det( det(q)√
det(g)
i
2
W (ϕ̂,ϕ̂∗)
|ϕ̂|2
))−1/2
,(17)
with W (ϕ̂, ϕ̂∗) ≡ ϕ̂←→∂t ϕ̂∗ denoting the Wronskian of
the solution and its complex conjugate, and Det is the
functional determinant. From this result, we can draw
two important immediate conclusions. First, for Fried-
man space-times, Abel’s differential equation identity [17]
gives that
√
|det(g)|W (ϕ̂, ϕ̂∗) is time-independent. As
a consequence, ‖Ψ(0)‖ is time-independent (the time-
dependent contributions to (16) and (17) cancel), and
the ground state is stable in Friedman space-times. By
our definition, Friedman space-times are quantum com-
plete, albeit they are geodesically incomplete. Second,
for a Schwarzschild black hole, the situation is different,
because gtt
√
|det(g)|W (ϕ̂, ϕ̂∗) is time-dependent in this
case. Hence, the ground state cannot be stable, but the
Schwarzschild black hole can still be quantum complete
(with respect to free fields).
In order to show that Schwarzschild black holes are in-
deed quantum complete, we transform the Riccati equa-
tion (12) for the Fourier amplitudes K̂ to a homoge-
neous, second-order ordinary differential equation in nor-
mal form,
∂ 2τ f(k, τ) + ω
2(k, τ)f(k, τ) = 0 , (18)
ω2(k, τ) ≡ r
2
g
16gθθ(τ)
(
1− 2gtt(τ) + g 2tt (τ)
)
−gtt(τ)M2Ω2(k, τ) . (19)
4The Fourier amplitudes K̂ are related to f as follows:
K̂(k, τ) = − 12det(q) ∂τ ln(σ(τ)f2(k, τ)) , (20)
with σ(τ) ≡ −iM
√
|det(g)|/det(q).
The dispersion relation for f is singular at the horizon,
τ = 2, and at the classical black hole singularity, τ = 0.
For our purposes, it suffices to expand f near τ = 0.
Let us first give a quick argument and justify it a poste-
riori. The leading singularity in the dispersion relation
around τ = 0 is given by ω0 = 1/(2τ), with corrections
O(1/√τ ). Near τ = 0, the dynamics is governed by the
background, i.e. the dominant contribution in the disper-
sion relation is momentum-independent. In this regime,
f(τ)→ C′√τ(C + lnτ), which translates to
Im
(
K̂(τ)
)
→ −1M3sin(θ) 1τ3|lnτ | ,
Re
(
K̂(τ)
)
→ |Im(C)| |Im(K̂(τ))||lnτ | , (21)
near the black hole singularity. Here, C,C′ ∈ C are con-
stants of integration. Note that Re(K̂(τ))≪ Im(K̂) near
the singularity. The real part is taken into account since
the dominant contribution gives a phase factor for G(0).
Using (21) in (8), the normalisationN (0) goes to zero like
N (0)(τ)→ |lnτ |−
1
2v(Σ)Λ . (22)
Of course, this evaluation requires a volume as well as
an ultraviolet regularisation. We simply introduced a
coordinate volume and an ultraviolet cut-off, v(Σ) and
Λ, respectively, since the regularisation details have no
impact on the limit N (0)(τ) → 0 as τ → 0. For G(0), we
find
G(0)(τ) = exp
(
− 12 Re
(
K̂
)
(τ)
∫
Στ
dµ(x) φ2(x)
)
(23)
times an irrelevant phase factor.
It is more rigorous to take all contributions in the dis-
persion relation into account that are singular at τ = 0,
ω 2s (k, τ) = ω
2
0 (τ) +
(
k 2∡ (θ) +
1
2
)
ω0(τ) +O(τ0) ,(24)
where k 2
∡
≡ (τrg)2ds2(k, k)/4. Introducing the variable
z ≡√1 + 2k 2
∡
√
τ , we find
f(k, τ)→ − z2 (J0 (z)− 2iK0 (iz)) , (25)
near the black hole singularity, with J0 denoting the
Bessel function of the first kind, and K0 denoting the
modified Bessel function of the second kind. This combi-
nation shows the same behaviour near τ = 0 as f subject
to the dispersion relation ω0. The momenta k∡ in angu-
lar directions appear only in an overall factor ≥ 1 and do
not modify the dominant behaviour near τ = 0.
Therefore, it is safe to conclude that∥∥∥Ψ(0)∥∥∥2 (τ)→ |ln(τ)|−v(Σ)Λ (τ3/4|ln(τ)|)N(Λ)→ 0 (26)
as the black hole singularity is approached. Here, N(Λ)
denotes the number of momentum modes with |k| ∈
[0,Λ1/3]. The limit (26) is our main result. In fact, al-
ready Ψ(0)[φ](τ) → 0 as τ → 0, i.e. the wave functional
has vanishing support towards the singularity.
Let us stress again that we were interested in exam-
ining the quantum completeness of Schwarzschild black
holes with respect to free quantum fields. The answer to
this question is insensitive to the details of volume and
short-distance regularisation, both of which are required,
in principle.
IV. CONCLUSION & DISCUSSION
In this article we adapted the notion of quantum-
mechanical completeness to situations where the only ad-
equate description is in terms of a quantum theory of
fields in generic space-times. We showed that according
to the advanced consistency criterion, a Schwarzschild
black hole is quantum complete with respect to free scalar
fields (in the ground state). Moreover, the wave func-
tional has vanishing support towards the black hole sin-
gularity.
There are two types of non-Gaussianities that can be
introduced to describe processes associated with devia-
tions from free fields in the ground state. First of all, ex-
citations of the ground state can be considered. It should
be clear that the term excitation is strictly appropriate
for static backgrounds. In general, excitations will de-
pend on eigenfunctions ǫ of (∆−m2) in the background
geometry. Excited states are of the form Ψ(n)[φ](τ) =
Nn[φ, ǫ](τ)Ψ
(0)[φ](τ). So excitations are reflected in a
(functional) renormalisation of N0(τ). The difference be-
tween the ground state and the excited states is the fol-
lowing: Ψ(0)[φ](τ) populates the ground state with field
configurations that need not satisfy any on-shell criteria.
What matters is the spatial support of the scalar fields
and the correlation between two fields as communicated
by the kernel function. This is why the completeness
concept used here poses a rather strong consistency re-
quirement on the kernel function. In contrast, excited
states are sensitive, in addition, to the moderated over-
lap between an arbitrary field configurations and fields
obeying on-shell conditions. Moderation indicates that
the overlap is evaluated using φ(x)K(x, y, τ)ǫ(y). Intu-
itively, excitations show an increasing sensitivity on the
on-shell conditions.
Secondly, interactions of the Klein-Gordon field with
itself and with other fields can be introduced in the
Hamiltonian. In this case, we choose the initial data
such that the interactions can be treated in the usual
perturbative framework. If the Schwarzschild black hole
fails to be quantum complete with respect to interacting
fields, then the participating fields necessarily entered a
strong coupling regime, because the space-time is quan-
tum complete with respect to free fields.
Perhaps not surprisingly, Schwarzschild black holes are
5enjoying a clash of completeness concepts. The obvious
question is how to qualify the importance of quantum
completeness relative to classical completeness. We think
that this question is related to the measurement process.
Let γ(t) , t ∈ (0, t0] be a geodesic, and {tn} → 0 de-
note a parameter sequence such that {γ(tn)} does not
converge. The inextendibility of the geodesic can be ob-
served by measuring any classical observable O along γ:
{O(γ(tn))} ⊂ R does not converge. Hence, geodesic in-
completeness is observable, provided the measurement
process associated with O is known. Certainly the mea-
surement process will involve quantum theory at a more
or less obvious but essential level. We can ask whether
the geodesic incompleteness has an impact on the quan-
tum theory underlying the measurement process. For
instance, if black holes are quantum incomplete with re-
spect to the degrees of freedom employed in the mea-
surement device, then O cannot be measured, and the
geodesic incompleteness is not observable. If this holds
for any observable, then the geodesic incompleteness is
unobservable in principle. This may sound impractical
as a criterion. Measurement processes, however, rely on
a few principles and are realised via universal principles
such as minimal coupling. This makes it relatively easy
to pass from unobservable to observable in principle.
We found that Schwarzschild black holes are quantum
complete, and, moreover, the ground state does not sup-
port field configurations near the singularity. The logical
conflict with the measurement process as described above
has a well-known resolution: Near the black hole singu-
larity, observables necessarily are part and parcel of the
quantum theory. So consistency of the quantum theory
is not only essential for the measurement device, but al-
ready for the very construction of observables.
In our opinion, and in conclusion, the concept of quan-
tum completeness as suggested in this work has physi-
cal relevance, and presents a physical characterisation of
space-time singularities and their impact.
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